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Solution to Problem Set 1
Optical Waveguides and Fibers (OWF)

Exercise 1: Long-haul transmission fiber link

For a transatlantic fiber link, e.g., from London to New York, a distance of 7000 km has to be bridged.
This is accomplished using optical fibers. Each fiber carries multiple wavelength channels within a total
bandwidth that is given by the so-called C-band, which ranges from 1530nm to 1560nm. A single
wavelength channel transmits data at a data rate of 100 Gbit/s. The spectral separation between two
adjacent channels is 50 GHz. The optical fiber used for this link exhibits a loss of 0.2dB/km within the
C-band. These losses are overcome by amplifiers with a gain of G = 20dB, where the gain in dB is

defined by
Pout
G = 1010g{ N }

In this equation P, and P,,; are the input and output power of the amplifier, respectively. One
amplifier is used per fiber, and all channels are amplified simultaneously. Each amplifier needs electrical
power supply. The power efficiency of the amplifier, i.e., the ratio between the total optical output power
and the electrical input power amounts to = 0.01.

a) How many channels can be used in one fiber? What is the total data rate of the link assuming that
it contains 25 fibers?

Hint: Conversion between absolute frequency and wavelength: f = {. The bandwidth Af in terms
of frequency can be related to bandwidth AX in term of wavelength using: Af = % AN
Solution:

Conversion between bandwidth in frequency and in wavelength (absolute values): Af = 5-AX
and A = 5-Af

Afchannel =50GHz = A)\channel = 0.4nm

AAC—Band =30nm — AfC—Band = 3.7THz

A total of 75 channels fit into the C-Band. The total bitrate is:

Gbit/s channels -
G TP e 20 fiber = 1875 Thit/s.

Btot = 100

b) Estimate the total attenuation of an optical signal assuming that there is no amplification along
the transmission link. Give the result in logarithmic as well as linear units.

Hint: afgp) = 10 - log (a[hn]).
Solution: B
aggp) = 0.2 . 7000 km = 1400 dB

afin] = 10M°

¢) How many photons would you have to launch into the optical fiber in London in order to receive a
single photon in New York if not using an optical amplifier? How much energy would be needed to
generate this many photons? Compare this energy to the available energy of our universe.

Hint: The (observable) universe is estimated to be a sphere with a radius of 1.4 x 10! light years,
and a mean density of 3 x 1073%g/cm3.

Solution: For receiving one photon in New York without intermediate amplification, one would
have to launch 104 photons into the fiber in London. The energy of one photon can be calculated as
Wpn = hf = 1.32x 107197, considering a frequency of approximately 200 THz. Therefore an energy
of W =100 .1.32 x 1071 = 1.32 x 10'2'J would be required. The total available energy of the
universe could be estimated as Wyniv = Munive® = 3 x 107248/m? - 47/3 (1.4 x 100 - 9.46 x 1015111)3 .

c® = 2.7 x 10%]. This would mean that one would have to evaporate WW} = 5 x 10°! universes

for sending a single photon without amplification from London to New York.
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To keep the power distribution along the link as uniform as possible, which distance would you
suggest between two amplifiers? How many amplifiers are needed for the link?

Solution: The amplification is 20 dB (a factor 100). This gain is optimally used if the attenuation
between two amplifiers is equally high, i.e. after 20dB/o.248/1m = 100 km. For the whole distance, a
total of 70 amplifiers would be required.

Estimate the power consumption assuming that each wavelength channel should carry a power of
0dBm at the output of each amplifier. Assume that electrical line losses can be neglected.
Pliin

Hint: P = 101og { 15 }

Solution: Power per channel: 0dBm=1mW

Power per fiber and amplifier: 75 mW

. P,
Power efficiency: n = =5~ = 0.01

Total power consumption: P, el ot = 70 amplifiers - 75 mW /ampiitier/sier - 25 fibers/0.01 = 13.1kW

Exercise 2: Helmholtz equation for the magnetic field H

Assuming a time dependence of the kind e/“*!, and assuming that there are no free charges, no free
currents and non-magnetic medium, Maxwell’s equations take the following form:

V.-D = 0 (1)
VxH = jwee,B 2)
VXxE = —jwuH (3)
V-H = 0 (4)

Vectors are denoted in bold and complex quantities are underlined.

2)

Derive the vector wave equation for the magnetic field in inhomogeneous media:

V2H + ? x (V x H) + w?poeoe, H = 0 (5)

Hints:
Vx(VxA) = V(V-A)-V?A (6)
Vx(®WA) = (V) x A+¢YV x A (7)

Solution: Taking the rotor of Eq. and using both hints we get:
V(VH) — V’H = jweo [(Ve,) X E+ €,V x E]

The first term is zero because of Eq. . Substituting now the electric field and its rotor thanks
to Eqgs. and respectively, we get:
VxH

—V?H = jwe {V(er) X < . ) + €, (—jwuoH)] :
JWEQE,.

Reordering the terms leads to Eq. .
Show that if Ve, = 0, then H = Hye /X7 is a solution of Eq. with k? = w?epe, o
Solution: Substituting the Ansatz into Eq. leads to:

~k°H + w?ppeoe, H = 0
—k? + w?ppege, =0

Show that k and H, must be orthogonal.

Solution: Applying Eq. to the Ansatz we get k- H = 0, which shows that k and H,, are
orthogonal.
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Assume that Hy, = Hpe, and k = ke,, where e, (e;) is the unit vector along y (z). Calculate
the corresponding electric field. Observe that the vectors E, H and k of the previous point are
mutually orthogonal and form a right-handed triple.

Solution: The electric field can be calculated using Eq. . Inserting the Ansatz leads to:

1 kH, .
E = - Vxﬂ:fio e ITkze, X ey.
JWEQE,. WEQE,.
The vectors E, H and k form a right-handed triple since e, x e, = —e,.

If using the Ansatz H = Hye /¥ in Eq. , which condition must be satisfied by the normalized
spatial variation of the dielectric constant Ve./e_ such that the second term in Eq. is negligible
compared to the third term?

Solution: In order to neglect the second term in Eq. we have to show that:

\Y%
679 x (V x H)‘ < |w?pocoe, H| .
Er

Substituting the Ansatz we get:

Ve x (—jk x Hy)
€

< ’LUQMOGOETEO .

™

Sufficient condition for the latter equation is that:

Ve,

k|- [H| < [KH|,

&

where k? = w260§ru0 has been used. This leads to the condition

=7

2

Ve
kl=—
T <=5

r

which means that the relative dielectric constant must vary little over the wavelength.
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